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CONTRACTION FIXED POINT
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CONTRACTION FIXED POINT

Yela,]
D_Gf_- A map jct[o»']kl—e [o.]% is a (I-¥)-contrmetion i{-

Ifor-fon|ws (-0) | %4lw ¥ *HELonT".

Theorem. [ Banach (1922)]

Everj contraction map has @ unique fixecl Poin‘t.
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APPLICATIONS OF BANACH FIXED PoINT

Mathematics:

Picard-Lindelof (Cauchy-Lipschitz) theorem

Nash embedding theorem

Computer science:

Markov decision processes

Underlie many classic dynamic programming problems

Subsume stochastic/mean-payoff/parity games

Theorem. [ Banach (19221]

Everj contraction map has @ unique fixed Point.



GIUERY MODEL

¥ We have a query access to the function .

¥ Find an E-approx. fixed Pomt bj as few Queries as Passi ble .
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GIUERY MODEL

¥ We have a query access to the function .

¥ Find an E-approx. fixed Pomt bj as few Queries as Passi ble .

[Fo0-x[ g <&

The exact Fixed point may be irrational.
£- aPProxima'te fixed Pa,-,,t Suffices.



QUERY MODEL

¥ We have a query access to the function .

¥ Find an E-approx. fixed Pomt bj as few Queries as Possi ble .

[F0-%] gz £

SOTA: O( lojk('/g)) [ Shellman, Sikorski 03]

Goal. poly(k. logtie), logtA)).
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CONSTRUCTIVE. EXISTENCE.

Observation. Start from any point Xo and follow the path
X,= )C(Xo) , X,_:f(x,) e

Then ,Xn-rl‘)(n'oos (l-f)".

Claim. This sequence converges toa fired Poin'l:.



(,ONSTRUCTIVE. EXISTENCE.

Observation. Start from any point Xo and follow the path
xa"‘)((xo) , X,,:f(x,) N

Then ,Xnﬂ"anoos (|-()".

Claim- This se?uence converjes -l;o Qa fixed Poin'l;,

In fact, ofter n = Jy- 10§ (%) steps, we have
’f()(n)- Xn o= \Xn+| 'Xn|w$ (I-ﬂ“ <€, ?
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SIMPLE STOCHASTIC GAME
[ Conolon (192) ]

® © ©
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Objective : Mox/Min the probability of getting £0 the |- sink.




COMPLEXITY OF SSG: NP N co-NP

Decision Prob'ewn 3 i-f P[Player-l T

One Player version Can be solved in Pol\j'l?i“'le => NP N co-NP.
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Objective: Min the PWbabn’li'tJ of 33%-"'3 10 the |-siuk.



COMPLEXITY OF SSG: UP N co-UpP

/7@ ﬁma\x{\lj,vKi 1 € Umax
@ Uiz{ min {VJ,VK} | € Vmin

\A
© |t e

VO-S.'uk: O U|-$Mk = I

Denote this system of efuations bj vz Fw).



COMPLEXITY OF SS6: UP N co-UP

¥ F:[o01"=[011" isa hon-ex pansive maP.
N

|
F - Fw)] . ,’('jloo-

max Y Vi Uk § 1€ Vmax
o { o

min Vj . vKi i € Umin

‘L‘(Vj"v") i € Vrand
Vo-shk: O UI-:MK = I

Denote this system o.,: ejuations bj v= Fw).



COMPLEXITY OF SSG: YP N co-UP

¥ F:[o01"=[011" isa hon-ex pansive maP.

¥ Let F=(I-Y) F. Becomes a (I-¥)- contraction.

Denote this system o.,: ejuations bj v= Fw).



COMPLEXITY OF SSG: YP N co-UP

* Banach fixed Pain'l: theorem = um'yue fixed point .

« In this cose, the uni7ue -fixed Point s 5uamnteed

rotiona| 4+ PO':{ bit description.

¥ EF:po]"=>[0]"isa non-ex pansive maP.

¥ Let Fi:= (l'b’) E. Becomes a (I-¥)-contraction.



COMPLEXITY OF SSG: YP N co-UP

* Banach fixed Pain'l: theorem = um'yue fixed point .

« In this cose, the uni7ue -fixed Point s 5uamnteed

rotiona| 4+ PO':{ bit description.

¢.- approximate fixed poit Surfices.

Both ¢ and ¥ need to be '/P_Poly(u).

¥ EF:po]"=>[0]"isa non-ex pansive maP.

¥ Let Fi:= (l'b’) E. Becomes a (I-¥)-contraction.



MOTIVATION

Contraction (€.¥= l/z_i”':l“")

T

SIMPLESTICHASTZE GrAME
Mean Payorr Peeudo - poly time

/‘\ CZwick., Paterson 461

ParztyGrame Quasi-poly tiwe

ECalude, Jain, khoussainov, Lj, stePhan 11]



WHY QUERY MIDEL?

~

MM{VJ,UK} | & Umax

Ui: i . . .
We have such an explicit function: = (Vi ve] ie Vi
T (jsve) i€ Ve

\
V0°$|'l|k= O U|-g.‘“k = I



WHY QUERY MIDEL?

~

MM{VJ',UK} 1 € Umax

U|'= i . . .
We have such an explicit function: { (Vi ve] ie Vi
T (jsve) i€ Ve

\
V0°$|'l|k= O UI-‘:MK = I

Another more well-understood example: Brouwer
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BROUWER FIXED PoINT
) Le (0.2)
D_Gf; A map f:[o.t] > [0a]" is L- L;Pschitz if

[Foo-$D|ws L | xYlw ¥ %YeLon] .

Theorem- [BrOuwer(lQll)]
Eve.l'j continuous function JL; A“—-)Ak has Ol-l:ixeo! FOfVl‘t.




BROUWER FIXED PoINT
) Le (0.2)
D_¢f_~ A map f:[o.t] > [0a]" is L- LiPschitz if

[Foo-$D|ws L | xYlw ¥ %YeLon] .

Theorem- [Browuer ( l‘ill)]

Eve.rj continuouns function ]L:LO-']K—>[04]K has a«Fixeo! point.




BROUWER FIXED PoINT

D_¢f_~ A map ]C:[o.']k;—e[o.uj" S L- LiPschitz i{-
o= fep|ws L x4l ¥ xyeLon]",

’ ® >
L<]| L=| L>]| o
Contraction NOnexFans:on Brouwer

Unifue X7 Multiple ) Multiple x*



COMPLEXITY OF BROUWER

% ExFonential Guery lower bound [ HPY'29, cP'oB]

¥ PPAD- complete
% How about importan-t explicit functions ?



NASH EQUILIBRIUM

Theorem 23 (Nash 1951) Every game with a finite number of players and action pro-
files has at least one Nash equilibrium.

Proof. Given a strategy profile s € S, forall i € N and a; € A; we define
©ia; (8) = max{0, u;(a;, s—;) — ui(s)}.

We then define the function f : S — S by f(s) = s’, where

8’-((1,‘) _ S’i(a’i) +90i,ai(s)
B Y ea, Si(bi) + @ip, (s)
8i(ai) + ¥i a;(8)

— ) 5
T+ >y ca, 950 (5) )




NASH EQUILIBRIUM

Theorem. [ DGP'oh, CDT ob]
COMFu‘biﬂﬁ G Nash e?uilibh'um in Q z-?lager 3ame
is PPAD- complete..

"Computing a Nash equilibrium
is as hard as
computing a general Brouwer fixed point.”
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QUERY MODEL
¥ We have a query access to the -functio"l 7C

% Find an g-approx. fixed point by as few Gueries as Possible.

H:(’" - Io« 32
Efficien‘t. Polj(k, Ioj(‘/;), Ioj('/y)),



POLY-QUERY ALGORLTHM!

Our Main Result.
An OCK*1ogti)) Guery algorithm for ConTrAcTron (K.€.¥).

GUERY MODEL
¥ We have a query access to the function +.

% Find an g-approx. fixed point by as few Gueries as Possible.

H("" xloﬁ 2
Eff_icien‘t. Polj(k. loj('/s.), Ioj('/y)).



POLY-QUERY ALGORLTHM!

Our Mein Result .
An OCK*1o5L%)) Guery algorithm for ConTRACTION (K.€.¥).

0 ¢ >

L<1 L‘l L>]| oQ
Contraction Brouwer
Unique X Multi Ple x*

P0|j-‘1“3'fj E*P‘ Guery



POLY-QUERY ALGORLTHM!

Our Main Result .
An OCK*105L%)) Guery algorithm for ConTRAcTiON (K.E.¥).

This makes contraction in a
Verj in‘trijuinj coMPIetitj Status!
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WEAK APPROKIMATION

L<l L>]

o)

PO'j“]“er Exp- Guery

Wesk approximation: H:m- X[ €



STRONG APPROXIMATION

o)

L<l L3l
Po'j-que"j In-Finite— Liueyj

g—l;vonj aPmewat.'on: lx- )(*l 00 c



F1XxED POLNT COMPUTATZON
TEN P
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Borsuk-ulam , Tucker = PPA PP p PLS
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Brouwer , sperner = PFAD
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Contraction Tarski



INTRIGUING STATUS

% In CLS=PLS NPPAD } Tarski

¥ Not known query lower bound ) Contraction

TENP

/|\

Borsuk-Ulam , Tucker = PPA P 4% PLS

|/

Brouwer , sperner = PPAD
~~

kkT = CLS

Contraction Tarski



CONTRACTZON: MORE INTRIGUING

% In CLS=PLS NPPAD

—*—Ahi—knw—‘fuwj—lwe‘—bomd—

*x Querj lower bound is imlnssible,!

TENP
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Brouwer , Sperner = PFAD
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INTERPRETATION
¥ All other fixed powts that are complete tor their

c,orl'eSPondinj classes have exponemeial Query L.B.

¥ The story for contraction is ompletelj different .

TENP
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Browwer, SPerner = PFAD
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I NTERPRETATION

Hardness ? Need to go beyoncl +raditiona| wisclom
obout hardness in TENP,

TENP
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Borsuk-Ulam , Tucker = PPA 4% PLS

Ve

Browwer , Sperner = PFAD
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kkT = CLS

;

COv\‘t Faction



I NTERPRETATION

Hardness ? Need to go beyoncl +raditiona| wisclom
obout hardness in TENP,

We hope that it helps design time-efficient
ﬂljs -for contraction /SSGs.

TENP
. . / | \
u,-t. Ma-te'j ) PO,‘ﬁ‘-t'me a!js . Borsuk-Ulam , Tucker = PPA PPP PLS

Ve

Brouwer, SPerner = PFAD
\
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;
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OPEN PROBLEMS
¥ Time meIexitj fur comtraction.
¥ How about other P- norm ?

The only known result is  poly-Guery and poly-time
Olgorith for 2~ novm. [STW's3 ) His'4q]
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